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with Eq. (11), we get the Hayes’ formulas for the vorticity jump,
which are

&Gy =0 (12¢)
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As should be expected, Eq. (12d) can be reduced to Eq. (30) of
Ref. 1 when 0/07 is expressed in terms of &/ 0¢ through Eq. (5b).
Note that only the surface tangential part of the derivatives of ¢,
have to be retained in Eq. (12d). As has been noted by Hayes! and
also by Isom and Kalkhoran,? the importance of Eq. (12d) lies in
the fact that it is independent of any thermodynamic law.

As has been noted earlier, the surface curvature tensor R given in
Egs. (7) is symmetric. If, however, one uses the representation(7b),
then the matrix formed by the mixed componentsis a nonsymmetric
matrix, i.e.,

Vi _qx@a“_(R .qt)qx] } (12d)
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The use of the preceding matrix directly yields the sum of the prin-
cipal curvatureand the Gaussian curvature of the shock surface, i.e.,

tr(R) = k; + kyy, sum of the principal curvatures

(13)
det(R) = K, Gaussian curvature
From Warsi,” the physical components of R are
1
R(BS) = (gppl 29)? Rasg™” (14)

(sumon @, and Rys = bgs). The matrix formed by the components
given in Eq. (14) is again a nonsymmetric matrix, and its trace and
determinant are the same as stated in Eq. (13). The terms appearing
in Egs. (13) and (14) can directly be computed by the coordinate
generation program.

Conclusion

Hayes’ vorticity jump conditions have been obtained in general
shock surface oriented coordinates. The main formula (12d) ex-
hibits Hayes’ tangential vorticity jump formula in time and space
coordinatesattached to the shock surface. It can be incorportedin a
flow code that uses moving and deforming coordinates attachedto a
shock. Because the coordinates are time dependent, they have to be
regenerated at every time step. Note that R is a function of time be-
cause the coefficients of the first and the second fundamental forms
(gap> bap) are functions of time.

References

"Hayes, W. D., “The Vorticity Jump Across a Gasdynamic Discontinuity,”
Journal of Fluid Mechanics, Vol. 2, Aug. 1957, pp. 595-600.

2Isom, M. P, and Kalkhoran, I. M., “Comment on the Vorticity Jump
Across a Shock Wave,” AIAA Journal, Vol. 34, No. 12, 1996, p. 2640.

3Emanuel, G., “Reply to M. P. Isom and I. M. Kalkhoran,” AIAA Journal,
Vol. 34, No. 12,1996, p. 2641.

4Warsi, Z. U. A., “Numerical Grid Generation in Arbitrary Surfaces
Through a Second-Order Differential Geometric Model,” Journal of Com-
putational Physics, Vol. 64, No. 1, 1986, pp. 82-96.

SWarsi, Z. U. A., Fluid Dynamics: Theoretical and Computational Ap-
proaches, CRC Press, Boca Raton, FL, 1993.

®Warsi, Z. U. A., “Theoretical Foundation of the Equations for the
Generation of Surface Coordinates,” AIAA Journal, Vol. 28, No. 6, 1990,
pp. 1140-1142.

TWarsi, Z. U. A., “Operations on the Physical Components of Tensors,”
ZAMM, Vol. 76, No. 6, 1996, pp. 361-363.

W. Oberkampf
Associate Editor

Generalized Vortex Lattice
Method for Planar
Supersonic Flow

Paulo A. O. Sovierox
Instituto Tecnologico de Aeronautica,
Sao Jose dos Campos, Brazil
and
Hugo B. Resende’
Empresa Brasileira de Aeronautica S. A.,
Sao Jose dos Campos, Brazil

Introduction

HE problem of a lifting surface oscillating harmonically in

supersonic flow has been studied by several researchers of un-
steady aerodynamics. However, if one considersclassicallinearized
models, there is a wide number of available numerical methods of
solution, implying that there is not a preferred, well-accepted way
to solve for the pressure distribution over thin wings for a known
movement. The reader is referred to Yates! for a complete review
and discussion of the state of the art of unsteady aerodynamics. Ac-
cordingto that work, the analysis problem of supersonic lifting sur-
faces may be classified into four numerical models. In the first one,
called the integrated-pressure method, the acceleration potential is
used as the main variable, and it is related to the downwash over
the wing by means of an integral equation>=> This model comes
directly from the subsonic case and has similar methods of solution.
The second model is based on the superpositionof velocity potential
sources over the wing, with the magnitudes given by an integral of
the downwash, usually obtained numerically®” In this formulation,
the upper and lower surfaces of the wing must be isolated from each
other; that is, from a physical point of view, all the edges of the wing
must be supersonic. If any edge is subsonic, there is a region where
the lower and upper surfaces interact, and diaphragms must be em-
ployed. In the third and fourth models, called integrated-potentiaf
and potential-gradient-'° methods, respectively, the velocity poten-
tial is used as the main variable and the integral equation relates
the downwash to the velocity potential difference between the up-
per and lower surfaces of the wing and wake. Because the kernel
function is related to a velocity potential source, and double dif-
ferentiation normal to the planform is performed after integration,
the main difference between those numerical methods comes from
the way the kernel function is manipulated prior to integration. Fi-
nally, although the velocity potential formulationsjust reviewed are
widespread, they are not immediately evident to the aerodynamicist
because their well-known singular solutions as sources, doublets,
and line vortices are hardly identifiable after so many integrations
by parts, new variable definitions, or series expansions.

The present work considers the velocity potential formulation of
supersonic, harmonically oscillating lifting surfaces. The problem
is linearized and, therefore, limited to small disturbances and flat
wakes, with the solution being obtained numerically. Both the wing
and the wake are discretized by means of constant density dou-
blet panels, and the complex potential results are obtained through
the solution of the hyperbolic Helmholtz equation.!! The equiva-
lence between closed vortex loops and surfaces of constant density
potential remains valid in the steady-state case,'> leading to the
not-so-widespread supersonic version'® of the well-known incom-
pressible vortex lattice method. Therefore, in the present work the
generalized vortex lattice method for oscillating lifting surfaces in
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subsonic flow!* is extended to the supersonic planar regime; that is,
the method of solution for the subsonic and supersonic regimes
is unified. Also, the present formulation can be classified as an
integrated-downwash method, where the source solution is substi-
tuted by a doublet one.

Mathematical Flow Model and Integral Equation

In a reference frame that translates uniformly with the undis-
turbed flow velocity U, the perturbation velocity potential due to
the small-amplitude motion of a thin wing is governed by the linear
convected wave equation. After transformations,! ! one obtains the
hyperbolic Helmholtz equation

2 2 2
a_CD_a_CD_a_CD_'_qu):O 1)
ox2 = 0y* T 0z2

Note that @ is the perturbation velocity potential, whereas the term
in K? determines how much the reduced potential equation departs
from the canonical wave equation, which governssteady supersonic
flow. The reduced frequency s defined hereas k. = e/ 2U, whereas
K =k, M/ [}, where @is the angular frequency of the motion, M
is the Mach number of the undisturbed flow, and * = M* _1.

The small-disturbance boundary condition on the wing surface
may be written as

0z B 0x @

where /1(x, y) represents the wing vertical displacement. The com-
plex pressure coefficient is given by

— =w(x,y) = M[a—h + ikrh]

3)
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When this expression is applied to both sides of the wake, pressure
continuity is ensured if

,=0=—— _i—5&D 4)
X

Note that 3P and &C, indicatethe velocity potentialand pressure co-
efficient jumps, respectively, between the lower and upper surfaces
of the wake.

The solution of the problem just described is obtained from the
integral equation that relates the potential jump across the lifting
surface (and wake) to the downwash. For planar configurations

1 cos Kr  KsinKr
w(x,y) = - &D| pe + p dxodyo  (5)

The term between the brackets corresponds to the doublet induced
normal velocity in the wing plane (z = 0), whereasr = [(x _x)*>_
(» — »)?1"2 is the hyperbolic distance from the doublet placed at
(xo, yo) to thereceivingpoint (x, y). The integral sign must be taken
in its usual way, that is, in the sense of the finite part integrationover
the appropriate area of influence. It can be stated from Eq. (5) that
the integrand represents a normal doublet density &D distributed
over an area element dS. When &P is assumed constant over each
element, the integral equation may be written as

1 06D
w(x, y) = _EW(X’ »)
1 cos Kr  Ksin Kr
_E/ dXo/ &D[ pE + 2 ] dyo (6)

where only the integral along ), must be evaluated using the finite
part concept. For each point (x, y) the domain of integration is
defined by the Mach forecone emanating from it.

Numerical Solution

Solutions of the problem are obtained by solving integral equa-
tion (6) for &D, using the boundary conditions (2) and (4) for the
wing and wake surfaces, respectively. Both surfaces are discretized
in small quadrilaterals of unknown constant density doublets. The
boundary conditions are enforced at control points located at each
panel geometrical center, which is equivalent to the usual %*% rule.
Finally, the numerical scheme that results from the discretizationof

Mach Line Mach Line

I

Fig.1 Wing discretization: kinds of integration domains for receiving
point.
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Fig.2 Unsteady results for wing pitching about the leading-edge axis:
K=12.22.

the equationscorrespondsto a system of linear equations, where the
influence coefficient matrix is made of real elements.

The key features of the proposed method of solution are summa-
rized in Fig. 1. One can identify three kinds of integrationdomain: I,
completely inside the influence Mach cone; II, only partially inside
the Mach cone; and III, completely outside the Mach cone, corre-
sponding to zero influence. In region I the numerical integration is
straightforwardbecauser is never equalto zero, whereas in region I1
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Table 1 AGARD rectangular wing: aspect ratio equal to 2.0 and ¢c=1.0; mode: 1, heaving (amplitude 1.0)
and 2, pitching about midchord (amplitude 7174)

k=0 ke = 0.15 k. =0.30
Method Mach Omn Real Imaginary Real Imaginary Real Imaginary
Present® 1.2 on — — 0.187 1.011 0.342 1.642
Ref. 7° — — 0.189 1.000 0.348 1.620
Ref. 8 — — 0.220 0.980 0.414 1.560
Ref. 9 — — 0.215 1.070 0.472 1.715
Ref. 16° — — 0.205 1.060 0.749 1.820
Present® 1.2 01 3.756 — 3.376 _0.493 2.848 _0.275
Ref. 7° 3.750 — 3.370 _0.500 2.840 _0.288
Ref. 8 3.800 — 3.340 _0.590 2.780 _0.386
Ref. 9 3.978 — 3.567 _0.593 2.938 _0.556
Ref. 16° 3.951 — 3.531 _0.545 3.058 _0.940
Present® 1.2 021 — — _0.003 _0.135 _0.111 _0.293
Ref. 7° — — _0.005 _0.141 _0.107 _0.285
Ref. 8 — — _0.008 _0.122 _0.114 _0.228
Ref. 9 — — _0.001 _0.132 _0.096 _0.300
Ref. 16° — — _0.005 _0.141 _0.026 _0.310
Present? 1.2 02 _0.378 — _0.420 _0.163 _0.397 0.450
Ref. 7° _0.368 — _0411 _0.165 _0.380 0.450
Ref. 8 _0.310 — _0.350 _0.159 _0.280 0.414
Ref. 9 _0.370 — _0.419 _0.157 _0.403 0.440
Ref. 16° _0.398 — _0.446 _0.177 _0.427 0.350
Present® 1.05 on — — 0.015 1.095 0.099 2.018
Ref. 7° — — 0.019 1.088 0.124 1.997
Ref. 9 — — 0.008 1.128 0.158 2.065
Ref. 16° — — 0.034 1.144 0.146 2.083
Present® 1.05 O 3.547 — 3.828 0.138 3.689 0.079
Ref. 7° 3.542 — 3.800 0.134 3.648 0.036
Ref. 9 3.880 — 3.955 0.255 3.781 _0.035
Ref. 16° 3.787 — 4.000 0.088 3.806 0.004
Present® 1.05 01 — — _0.176 _0.200 _0.325 _0.250
Ref. 7° — — _0.174 _0.197 _0.320 _0.244
Ref. 9 — — _0.200 _0.193 _0.342 _0.200
Ref. 16° — — _0.185 _0.204 _0.333 _0.251
Present® 1.05 02 _1.311 — _0.581 0.754 _0.256 0.798
Ref. 7° _1.293 — _0.571 0.749 _0.247 0.790
Ref. 9 _1.339 — _0.544 0.837 _0.162 0.797
Ref. 16° _1.363 — _0.590 0.790 _0.250 0.825

4Gee text for discretization details. °As reported in Refs. 8 and 9.

anexpansionofthe integrandis necessaryto isolatethe singularities.
The following expressionresults after algebraic manipulation:

_ L 1K 3 5 e
BRI T R
(7
The first term on the right-hand side is the steady-state term, that
is, the induced velocity at the wing plane due to a supersonic point
doublet. For a constant density panel, its surface integral is equiv-
alent to the induced velocity of a supersonic line vortex loop along
the panel side. The second term corresponds to a source potential
uniformly distributed over the panels with density K? and is also
known from steady-state supersonic panel methods. In the present
work, fornumerical convenience,this termis integratedanalytically
alongthe y direction,and numerically along the streamwise x direc-
tion. For all other terms, actually only the next two ones in practice,
the integration is completely numerical: each panel is divided into
100 points, and the Gauss—Legendre numerical quadrature method
is used. From a numerical point of view, the use of complex vari-
ables allows for simpler integrationsubroutines because outside the
Mach cones all terms in Eq. (7) become pure imaginary numbers.
Therefore, if one only considers the real part of the quadrature pro-
cess, there is no need to identify where Mach lines cross a given
panel boundary. (This procedure automatically takes into account
the right integration limits.)

3 72

[ cos Kr
+
P

KsinKr] 1 1K 3

Results and Discussion
Numerical calculations for a rectangular wing are described here.
The largest configuration analyzed, corresponding to 480 panels,
takes 10 min in a Pentium 100 MHz (this is evidently not a CPU
time comparable to finite difference methods), where most of the

time is spent setting up the influence coefficient matrix. This time is
quite small, and it can get even smaller if the hyperbolicnature of the
problem, due to the supersonicflow, is considered when assembling
the matrix and solving the problem.

Figure 2 shows unsteady results regarding the two-dimensional
portion of a wing oscillating in pitching about the leading axis. For
unsteady calculations, the adequacy of the discretization is ascer-
tained using steady-state values for the lift coefficient and pressure
center. Here M= 1.25and k, = 1, such that K = 2.22. Comparison
with two-dimensional calculations'> in Fig. 2 reveals that a dis-
cretization of 20 elements along the chord is enough to obtain good
agreement between complex potential results. However, since eval-
uationofthe pressurecoefficient demandsnumericaldifferentiation,
one can see that the use of 20 panels still leads to some discrepan-
cies. Comparison among results becomes better if the discretization
is increased to 40 elements along the chord, which implies that the
method is consistent even for high values of K.

Finally, generalized aerodynamic coefficients for a rectangular
wing are obtained by integrating the pressure and the displacement
modes, that is,

O = / / AC,,h, dxdy ®)
wing

Converged results for M equal to 1.2 and 1.05 are presented in
Table 1 (Refs. 7-9 and 16). Note that for all calculations leading to
the results of Table 1, the real and imaginary parts of the pressure
center were converged for the grids used, implying that the chord-
wise pressure distributions had reached their final form. However,
the valuesof'the generalizedcoefficients were clearly not converged,
leading to the necessity of doing the linear extrapolation suggested
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by Rowe,!” where the independent variable employed in the ex-
trapolation process is the inverse of the number of panels along the
chord. The M = 1.2 results were obtained using 40 v, 8 and 45,9
grids, and it must be pointed out that both discretizations present
the same panel aspect ratio. Although the overall agreement is very
good between all methods studied, the present calculationsare very
close to those using the integrated-downwash model due to Stark.’
One can also see from Table 1 that the agreement among results
remains good for M = 1.05. Because in this case 1.5 < K < 3.1,
more refined discretizations along the chord are employed, that is,
45,6 and 60 8. Here the chordwise pressure distribution s very
wavy, at least for k., = 0.3.

Final Remarks

It has been shown that the present formulation gives excellent
agreement both with analytical results (bidimensional region at the
symmetry line) and numericalresults (generalizedaerodynamicco-
efficients) from other references. In the latter case, the authors con-
sider that the extrapolation process to an “infinite” grid is necessary
to guarantee converged values of the coefficients.

Another important point is that the generalized supersonic vortex-
lattice method is an extension of the method in the case of subsonic
regime. This is possible due to the use of a constantdensity doublet
distributionover the wing (and wake, if necessary). For the aerody-
namicist this is useful because this singularity is familiar and well
known.
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Nomenclature
D = cavity depth, cm
Sfp, fr, fw = fundamentalacoustic modes based on cavity
depth, length, and width, Hz

Seum = Rossiter’s edgetone frequency for mode m equal
tol,2,3,..., Hz

fo = vortex shedding frequency, Hz

L = cavity dimension along the minor axis, cm

M 0 = freestream Mach number

Rey = Reynolds number based on the boundary layer
momentum thickness

Srg = Strouhal number based on momentum thickness,
ECRY

U = freestream velocity, m/s

> = cavity dimension along the major axis, cm

0 = momentum thickness of the approaching boundary
layer, mm

v = yaw, the angle between U __and cavity minor

. 00
axis L, deg
Introduction

HE presence of a cavity in a surface boundinga fluid flow can

cause large pressure, velocity, and density fluctuations in its
vicinity as well as strong propagating acoustic waves. In addition,
the drag on the surface can be altered, sensitive instrumentation
can be damaged, and structural failure due to resonance can occur.
Such flows are of interest in many different areas of engineering.
Landing-gear wells, surface-mounted optical instrumentation, and
bomb bays on aircraft are common examples of cavities in which
reduction of pressure fluctuations, vibration, noise generation, and
sonic fatigue are of prime concern.

Supersonic cavity flowfields contain a mixture of unsteady flow
regimes that may include unstable shear layers that shed vortices
in coherent patterns, unsteady weak shock or pressure waves, and
resident vortices oriented in the transverse direction. This inter-
action is the result of an extremely complicated flow pattern that
appears to depend on the shape of the cavity, freestream Mach num-
ber, Reynolds number, and the characteristics of the approaching
boundary layer. Many prior investigations'—* have been conducted
to gain insight into the underlying physicalbehaviorof cavity flows.
These studies, including that of Rossiter,’ have made it possible to
predict some features of the observed phenomena. Unfortunately,
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